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CONTINUOUS WAVELET TRANSFORM ON LOCAL FIELDS 


ASHISH PATHAK 

DEPARTMENT OF MATHEMATICS & STATISTICS 
DR. HARISINGH GOUR CENTRAL UNIVERSITY 
SAGAR-470003, INDIA. 

Abstract. The main objective of this paper is to define the mother wavelet 
on local fields and study the continuous wavelet transform (CWT) and some of 
their basic properties, its inversion formula, the Parseval relation and associated 
convolution are also studied. 


1. Introduction 

A local field means an algebraic field and a topological space with the topological 
properties of locally compact, non-discrete, complete and totally disconnected, 
denoted by K |^. The additive and multiplicative groups of K are denoted by 
IK+ and K* *, respectively. We may choose a Haar measure dx for K’*'. If a 7^ 
0(a; G K), then d{ax) is also a Haar measure. Let d{ax) = \a\dx and call |a| the 
absolute value or valuation of a. Let |0| = 0. The absolute value has the following 
properties: 

(i) |x| > 0 and \x\ = 0 if and only if x = 0; 

(ii) \xy\ = \x\\y\-, 

(hi) \x + y\ < max{\x\, |y|). 

The last one of these properties is called the ultrametric inequality. The set 
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!l) = {xG]K:|x|<l}is called the ring of integers in K. It is the unique maximal 
compact subring of IK. Dehne ^ = a;G]K: |x| <1. The set ^ is called the prime 
ideal in K. The prime ideal in K is the unique maximal ideal in D. It is principal 
and prime. 

If K is a local held, then there is a nontrivial, unitary, continuous character x on 
IK’*' and is self dual. 

X is hxed character on K+ that is trivial on 2 ) but is nontrivial on . It follows 
that X is constant on cosets of D and that if G , then XyiXyi^)) = xi^v) is 
constant on cosets of 


Definition 1.1. The fourier transform of / G L^(K) is denoted by /(^) and dehne 
by the [8] 

fiO = [ f{x)xd^)dx = [ f{x)x{-Cx)dx, G K (1.1) 

Jk Jk 

and the inverse Fourier transform by 


fix) = / fiOXxiOdx a; G K (1.2) 

Jk 

Some important properties of the Fourier transform can prove easily : 

(i) II/||l°°(k) < II/IIli(k)- 

(ii) If / G L^(]K), then / is uniformly continuous. 

(hi) Parseval formuIaTf / G L^(K) nL'^(K), then ||/||l2(k) = ||/|U2(k) 

(iv) If the convolution of / and g is dehned as 

if* 9 )it)= [ fix)g{t-x)dx (1.3) 

Jk 


then 


F{{f*g)) = F{f).F{g) 


( 1 . 4 ) 
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The article is divided in four sections. In section 2. we proposed the dehnition 
of mother wavelet and dehne the continuous wavelet transform (CWT). In section 
3. discus the some basic properties of CWT. In section 4. we prove the Plancherel 
, inversion formula and dehne the convolution associated with CWT. 

2. Continuous Wavelet transform on local fields 

Similar to (R) [IIEIIS], we dehne the wavelet on local helds and dehne the 
continuous wavelet transform. 


Definition 2.1. Admissible wavelet on local fields 

The function ijj{x) G L^(]K) is said to be an admissible wavelet on local helds if 
satishes the following admissibility condition: 

f \m\^ 


C'tp 


lei 


-d^ < oo 


( 2 . 1 ) 


where V’ is the Fourier transform of ip. 


Remark 2.2. If |'0(OI continuous near ^ = 0, then the existence of integral 
l\2.1\) guarantees that , ip{0) = 0. Since the Fourier transform of mother wavelet 
Ip G L^(K) n L^(]K) is bounded and uniformly continuous, we have 


0 = 1^(0) 


ip{x)xo{x)dx 


/ ip{x)dx 

Jk 


This means that the integral of mother wavelet is zero: 


Theorem 2.3. If ip is a mother wavelet and cp G L^(K), then the convolution 
function ip * (p is a mother wavelet. 
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Proof. Since 


K'ljj * (l)){x)\‘^dx = \ 'f’ix ~ y)(p{y)dy dx 

Jk ' Jk 


{x-y)\\(j){y)\^\\(f{y)\^dy\] dx 


{x - y)\\(l){y)\dy / dx 


\<P{y)\dy Ifjix - y)\‘^\(f{y)\dydx 


\<l>{y)\dy) / \^p{x)\‘^dx 


— ll^llii(K)ll'*AllL2(IK) 


Therefore {ip * (p){x) G L‘^(K). Moreover 


f \ip* (f){0\‘^ 

/ 1^1 Oq 

Jk I? I 

r \jxc'\\ 2 \ltc '\\2 




/ 11I112 f 1 ^( 01 %^ 

^ II</’IIl”(k) J uI df, 


This completes the proof of the theorem 


Definition 2.4. Continnons wavelet transform (CWT) on local fields 

For i/j{x) G L^(]K) and a, 6 G K, a 7 ^ 0, we dehne the unitary linear operator: 


Ut : L'^iK) L 


UaW^)) = i’aAx) = ^ 'iPi-—-] 

a 2 a 
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tjj is called mother wavelet and 'ilJa,b{x) are called daughter wavelets, where a is a 
dilation parameter, b is a translation parameter. 

The Fourier transform of 'il)a,b{x) is given by 

^a,b(0 = l«l^ ^{OXbiO (2.3) 

where tjj is the Fourier transform of tfj. 

The CWT on local helds 

: L2(K) ^ L2(K X K) 

of a function / G L‘^(K) with respect to a mother wavelet ip is dehned by 

f K^f{a,b) = {f,'lpa,b)L^{K) 

= / f{x)lpa,b{x)dx 

Jk 

= [ f{x)^ —-)dx (2.4) 

Jk \a \2 a 

3. Basic Properties of CWT on local fields 
Before giving the fundamental properties of CWT, we list their basic properties. 

Theorem 3.1. Let tp and (p he to wavelets and f,g are two funetion belong to 
L'^pK), then 

( 1 ) Linearity 

K^{r]f + 'dg){a, h) = r]K^{f){a, h) + dK^{g){a, h) (3.1) 


where g and id are any two scalers, 
(ii) Shift property 


- ■:))(«.*') = K.i,(f)(a,b - q) 


( 3 . 2 ) 
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where is any sealers. 

(Hi) Scaling property // a 7^ 0 any scaler. The CWT of the scaled function 


fa{x) = ^/(i) 


(iv) Symmetry 




K4J)(a.b) ^ 


(iv) Parity 


Kp^^){Pf){a,b) = K4f){a,-b) 


where P is a parity operator define by Pf{x) = f{—x). 


Proof. The proof is the straight forward application of CWT 


Theorem 3.2. Show that the continuous wavelet transform can also expressed as 
{K^f){a, b)= (f* j (6) ( 3 . 6 ) 


where the * is defined as 


{f*9){t)= / f{x)g{t-x)dx 


Proof. From dehne of CWT we have 


{K^f){a,b) = j f{x)^i){-—^-)dx 
JK |a |2 a 
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Theorem 3.3. if f is homogeneous funetion of degree n show that 


{K4,ma,\b) = X'\\\HKtf)(a,b) 


(3.9) 


where the X is sealer 


Proof. From define of CWT we have 


{K^f){Xa,Xb) = 


. ^^ )dx 

|Aa |2 Xa 


; 02 a 


= X^\X\HK^f){a,b) 


(3.10) 


□ 


4. Main Properties of the CWT 

This section describes important properties of the CWT, such as the Plancherel 
, inversion formula and associated convolution fist, we establish the Plancherel 
theorem. 

Theorem 4.1. (QFT Plancherel) Let f,g & L^(K). Then we have 

(-^i/>(/)(«, ^))l2(ikxK) = c^{.f,9 )l^(K) (4.1) 


where c.tp is given in (2.1). 
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Proof. By using perseval formula for Fourier we can write the wavelet transform 
as 

—-)dx 

Jk |a|2 « 

= (/, ^a,b) 

= if, i^a,b) 

= [ (4.2) 

Jk 

Similarly 

K^{g){a,b) = (4-3) 

Jk 
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= [ mm (f 

Jk \Jk 

= c^(/, 9 ')l2(k) 






Theorem 4.2. (Inversion Formula) Let f G L^(]K). Then we have 
f(x) = — [ [ K^{f){a,b)'tpa,b{x)-^ 

c^JkJk m 

where is given in (2.1). 


Proof. Let h{x) G L‘^(K) be any function, then by using above theorem, 


cy(/, 5 ')l2(k) 


r r _ (jnHh 

/ {K^f){a,b)K4h){a,b)^ 

JkJk wI 

[ [ {K^f){a,b) f h{x)'ipam)dx^^^ 
JkJk Jk wr 

[ [ [ 

JkJkJk l®l 


Hence the result follows. 


If/ = h 

ll/lli.(K)= / / 

JkJk l®l 


(4.5) 

□ 


(4.6) 


we have 


□ 


(4.7) 


Moreover the wavelet transform is isometry from L^(]K) to L^(]K x K) 
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4.1. Associated convolution for CWT on local fields. Using Pathak and 
Pathak techniques [3], we define the basic function D{x,y,z) , translation and 
associated convolution # operators for CWT. 

The basic function D{x,y,z) for (2.4) is define as 

K^[D{x,y,z)]{a,b) = / D{x,y, z)(l)a,b{t)dt 

Jk 

= 'IpaA^) Xa,biy), (4.8) 


where '0,0 and x are three wavelets satisfying certain conditions (2.1). 
Now, by using(4.6) we get, 



D{x,y,z) = / / 0a,02:) XaAv) 4>a,b{x) \a\ ^dadb. 


(4.9) 


The translation is defined as [5] 


{rxh){y) = h*{x,y)= / D{x,y, z)h{z)dz 



= Xa,b{y) (pafiix) h{z)\a\ Attdbdz. 


The associated convolution is defined as 


{h#g){x) = / h*{x,y)g{y)dy 



D{x,y,z)h{z) g{y)dydz 


= C. 


K JK 
-1 



0 a,fe(2:) Xa,b{y) A,bA)h{A9{y)\a\ dadbd^AylO) 


by using the inversion formula we can write the above equation as 


{hAg){x) = / {K^h){a,b){Kx9)AA)(l)a,b{AH ^dadb 

Jk Jk 

= (a, b) (K^g) (a, b)] (x) 
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SO that 


K4>[h4j-g]{h, a) = {K^h){a, b){K^g){a, b){x) (4.11) 
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